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We investigate the way in which noise destroys phase synchronization in chaotic systems.
Two cases are considered: where the route to synchronization involves frequency locking;
and where it occurs via a suppression of the natural dynamics. We show that, just as
in the case of synchronization of periodic oscillations, noise induces a new motion whose
coherence depends non-monotonically (resonantly) on the noise intensity
Keywords: noise, coherence resonance, synchronization, chaos.
1. Introduction
There are two classical mechanisms for the synchronization of periodic oscillators
[1–3], namely: frequency locking; and suppression of the natural dynamics. They are
each applicable either to a pair of interacting oscillators, or to a periodically-forced
self-sustained one. Because synchronization phenomena in forced oscillators are
easier to describe, we will speak hereinafter about forced oscillators for simplicity.
The notion of synchronization was originally defined in terms of frequencies.
Assume that the frequency of forcing does not coincide with the basic frequency of
unforced oscillations. The occurrence of n:m synchronization means that the ratio
of basic frequency of forced oscillations to the frequency of forcing becomes as n:m,
where n and m are integers. The frequency locking scenario manifests itself in that
the basic frequency of the forced oscillations shifts towards the product of forcing
frequency and n:m as the strength of forcing is increased, to coincide with it at
the onset of synchronization. Suppression of natural dynamics manifests itself in a
simultaneous decrease in the amplitude of the basic spectral peak (corresponding to
unforced oscillations), and an increase in the amplitude of the peak at the forcing
frequency multiplied by n:m. The same mechanisms were later described in terms
of bifurcation theory.
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Synchronization phenomena can be also described in terms of the instantaneous
phases of the forcing ϕ1(t) and the response ϕ2(t). Namely, if the phase difference
∆ϕ(t) = nϕ1(t) − mϕ2(t) remains constant within some accuracy during a suffi-
ciently long time interval, one can speak of phase synchronization. For periodic
oscillations in the absence of noise, phase and frequency synchronizations are the
same phenomenon. In other situations, they may in general differ, although they
are closely related to each other.
It has recently been established that the concept of frequency synchronization
can be extended to encompass systems with chaotic dynamics that have well-defined
peaks in the Fourier spectra of their oscillations. Namely, in [4] chaotic motion in a
system with Ro¨ssler-type spiral attractor, possessing the latter feature, was shown
to become synchronized by a harmonic forcing, following the frequency-locking sce-
nario. In [5] a Van der Pol oscillator was synchronized by the signal from a chaotic
Ro¨ssler system, following the frequency-suppression route to synchronization. We
emphasize that, in both cases, the synchronized regime remained chaotic and pos-
sessed a continuous Fourier spectrum with a well-defined peak.
An important issue to be considered is how noise influences a synchronized sys-
tem. Stratonovich [6] developed an analytic treatment to describe the effect of noise
on a weakly nonlinear Van der Pol oscillator synchronized by weak harmonic forc-
ing. A 1:1 frequency-locked state was considered for which the frequency of forced
oscillations coincided with the frequency of forcing and ∆ϕ remained constant. One
effect of noise is to make the phase difference jump occasionally by 2pi. This causes
the average frequency of the response signal to shift towards the frequency of the
unforced system, thus destroying the synchronized state. No consideration was
given, however, as to how the spectral shape evolves with increase of noise inten-
sity. Neither the suppression mechanism, nor the possibility of n:m synchronization
of arbitrary order, were addressed.
The way in which noise affects the general picture of n:m synchronization of a
periodic oscillator was considered in [7]. It was found that, because different parts
of the synchronization region correspond to different structures of phase space in
the vicinity of the attractor, the effects caused by noise differ correspondingly. In
each qualitatively distinct state, the evolution of both the phase portraits and the
Fourier spectra were followed in parallel, as the noise intensity increased. It was
shown that, in two of the three distinct states, noise creates a new spectral peak
near the one at the frequency of forcing multiplied by n:m. The position and shape
of this additional peak determines the observed shift of the average frequency of
response signal, in full agreement with Stratonovich theory. However, the coherence
computed for this peak depends non-monotonically (resonantly) on noise intensity,
i.e. coherence resonance occurs.
In this paper we consider how noise effects the spectra of chaotic systems in
initially synchronized states. For two different systems, both possible synchroniza-
tion mechanisms are considered, i.e. frequency locking and suppression. We show
that, in both cases, the effects of noise are similar to those seen in periodic os-
cillators. That is, the noise creates a new spectral peak near the main one, and
its coherence depends resonantly on noise intensity. Thus the destruction of chaos
synchronization by noise is associated with the phenomenon of coherence resonance.
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2. Ro¨ssler system frequency-locked by harmonic signal
First, we consider a case where chaotic oscillations are synchronized via frequency-
locking. As shown in [4], this type of synchronization is associated with an accumu-
lation of saddle-node bifurcations of saddle cycles embedded in the chaotic attractor.
As an example, we examine the Ro¨ssler oscillator under external harmonic forcing,
described by the equations
x˙ = −y − z + C sin(Ωt) + Dξ(t)
y˙ = x + αy (1)
z˙ = α + z(x− µ),
where α = 0.2, µ = 6.5, ξ(t) is Gaussian white noise of zero mean and unity
variance , and D is the noise intensity. In the absence of noise (D = 0), for forcing
parameters C = 0.1 and Ω = 1.061, the system is frequency-locked at order 1:1.
The Fourier spectrum of the oscillations is continuous, but contains one peak at the
forcing frequency. In Fig. 1(a) the close vicinity of the main peak in the continuous
spectrum is shown. As noise intensity increases from zero, a new peak appears in the
vicinity of the first one. In Figs. 1(b), (c) and (d), spectra are shown for gradually
increasing noise intensities D. It is evident that a peak appears on the right-hand
side of the main one, grows (Fig. 1(b)), narrows (Fig. 1(c)), and then widens and























Fig 1. Evolution of Fourier power spectra for Ro¨ssler oscillator in a chaotic regime that is frequency-
locked by harmonic forcing, as the noise intensity D is increased: the region in the vicinity of the
main peak is plottedon an expanded scale. (a) D = 0; (b) D = 0.15; (c) D = 0.21; (d) D = 0.45.
theory for weakly nonlinear periodic oscillations synchronized by a periodic forcing
of frequency Ω in the presence of noise, the following relation is valid:
(〈ω〉 − Ω) ∝ (ω0 − Ω)e
−γ , (2)
where ω0 is the basic frequency of the unforced oscillator and γ is some positive
constant depending on the system parameters and noise intensity. Therefore, to fit
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Stratonovich’s theory, the noise-induced peak should appear in between the basic
frequency of frequency-locked oscillations (which for 1:1 locking is just Ω) and the
frequency of unforced oscillations ω0. In our case ω0 ≈ 1.067, which is to the right
of Ω = 1.061, thus, the ratio (2) is still valid when noise affects frequency-locked
chaotic oscillations.
In order to characterize the regularity of the noise-induced peak, we removed the
main peak by means of a band-stop filter and, to avoid the resultant discontinuity in
the spectrum, connected the edges of the removed frequency range with a straight
line. We then estimated the following quantities: coherence β and Shannon entropy
Es of the resulting spectrum in the vicinity of the noise-induced peak. β is estimated
using:
β = Hωn/∆ω, (3)
where H is the height of the peak at its central frequency ωn, and ∆ω is the peak
width at the height H/2. Fig. 2(a) and (b) show the entropy Es and the coherence
β of the noise-induced peak as functions of noise intensity. Both variations have a
resonant character, with β taking its maximal and Es its minimal value at an op-
timal noise intensity D ≈ 0.2. This resonant dependence reflects the nonmonotonic
change of height H and width ∆ω of the noise-induced peak (Fig. 2(c) and (d),
respectively). The latter could be treated as an evidence of noise-induced ordering.
In this context it is interesting that, at noise intensities close to zero, the position of
the noise-induced peak almost coincides with that of the main one. As the noise in-
tensity increases, the new peak moves away. Fig. 2(e) plots the difference δ between
the frequency of the main peak and the central frequency ωn of the noise-induced
one, showing a monotonic increase of absolute value of δ with the increasing D.
Based on these observations, we conclude that noise destroys the frequency-locked
state of a spiral-type chaos in a manner that is in many respects the same way as
that in the case of periodic oscillations. This can be accounted for empirically in
the following way. It is known that for spiral-type chaos, which is characterized by
the presence of a well-resolved peak in the spectrum, the instantaneous amplitude
A(t) and phase Φ(t) of the oscillations can be introduced, for instance, by using the
coordinate transformation:
x(t) = A(t) cosΦ(t)
y(t) = A(t) sin Φ(t), (4)
where x and y are some phase coordinates in the projection that looks like a smeared
limit cycle. Substituting (4) in (1) and making transformations similar to those
given in [6, 8], one obtains the following representation of the Ro¨ssler equations:
A˙ = αA +
C
2








z˙ = α + z(A cos(φ + Ωt) + µ) (7)
where φ = Φ − Ωt is the phase difference between the forced oscillations and the
forcing, ∆ is some effective detuning, Ψa,φ are certain nonlinear functions, and ξa,φ
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Fig 2. Various quantities for a Ro¨ssler system frequency-locked by harmonic forcing, plotted as
functions of noise intensity D: (a) Shannon entropy Es; (b) coherence β of noise-induced peak;
(c) height of noise-induced peak; (d) width of noise-induced peak; (e) distance δ between the
noise-induced and main peaks. For details of computation see text.
are two independent sources of Gaussian white noise whose intensities are com-
pletely defined by the intensity of the original noise ξ (see Chapters 4 and 9 in [6]).
Without the loss of generality, one can treat Ψa,φ as additional limited “random”
forces that are defined by the chaotic dynamics of the system. Then the system of
equations (5), (6) could be considered as that describing the dynamics of a limit
cycle oscillator under periodic external forcing in the presence of limited correlated
random force Ψa,φ and external noise ξa,φ. In the absence of external noise ξa,φ,
the effective limit cycle will be smeared by the random forces Ψa,φ. Synchronous
chaos in the initial system will correspond to the situation when the maximal values
Ψa,φ will be not large enough to induce a phase slip (or such that phase slips are
extremely rare). However, as was shown earlier, the shift of average frequency [6]
and the occurrence of coherence resonance [7, 9] are in principle associated with
occurrence of phase slips which, both in the chaotic oscillator considered and in a
limit cycle oscillator, appear due to external noise ξ. Hence, the effect of noise on a
synchronized spiral-type chaos should be at least qualitatively similar to its effect
on periodic oscillations.
3. Van der Pol oscillator under chaotic forcing from Ro¨ssler system
synchronized by suppression
In contrast to the frequency-locking mechanism, transition to a synchronous regime
via the suppression mechanism is associated with an accumulation of inverse Neimark
bifurcations for saddle cycles embedded in a chaotic attractor [5]. As an example
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of chaos synchronized in this way, we consider the system described in [5], where a
Van der Pol oscillator forced by a Ro¨ssler system was studied:
x˙ = −y − z + C sin(Ωt),
y˙ = x + α1y, (8)
z˙ = α2 + z(x− µ),
(9)
u˙ = v + γ(x− u) + Dξ(t),
v˙ = (1− u2)v − ω2u.
the upper part describing the Ro¨ssler system, and the lower part describing the Van
der Pol oscillator. Here α1 = 0.2, α2 = 0.15, µ = 6.5,  = 0.1, ξ(t) is Gaussian
white noise with zero mean and unity variance, and D is the noise intensity. At
ω = 1.16, γ = 0.04 the Van der Pol oscillator is synchronized by Ro¨ssler system via
the suppression mechanism as shown in [5]. However, the forced oscillations still
remain chaotic, as illustrated by their continuous Fourier power spectrum, shown in






















Fig 3. Evolution of Fourier power spectra of chaotically forced oscillations in a Van der Pol
oscillator, synchronized by the suppression mechanism, as the noise intensity D is increased: (a)
D = 0; (b) D = 0.15; (c) D = 0.21; (d) D = 0.45.
to the right of the main delta-shaped peak (Figs. 3(b), (c), (d)): the peak height
grows monotonically with D and saturates (unlike nonmonotonic growth in the
case of chaos-locking discussed in Sec. 2). However, its regularity β and Shannon
entropy Es both exhibit non-monotonic dependences on noise intensity, since, as
in the previous case, the width of the new peak grows nonmonotonically on D.
Thus, noise-induced ordering can also occur when noise acts on a chaotic system
synchronized by suppression. Fig. 4 shows the same quantities as Fig. 2, but for
the case of suppression of natural dynamics of chaotic oscillations in Van der Pol
system.
Thus, noise induces a new spectral peak in the vicinity of the main one, and its
coherence depends resonantly on noise intensity. Note that the new peak appears at
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some nonzero distance from the main one, just like the case of periodic oscillations
synchronized via the suppression mechanism as described in [7]. However, the
position of the new peak relative to the main one differs from that in periodic
oscillations: although the frequency of unforced oscillations is to the left of the
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Fig 4. Various quantities for a Van der Pol oscillator synchronized via the suppression mechanism,
by chaotic forcing from a Ro¨ssler system, plotted as functions of noise intensity D: (a) Shannon
entropy Es; (b) coherence β of noise-induced peak; (c) height of noise-induced peak; (d) width
of noise-induced peak; (e) distance δ between the noise-induced and main peaks. For details of
computation, see text.
4. Discussion and Conclusions
In the present paper we have studied how noise influences a chaotic system synchro-
nized by each of the two classical mechanisms: frequency-locking; and suppression
of the natural dynamics.
We have shown that in a frequency-locked Ro¨ssler system noise produces an
effect similar to that in a frequency-locked periodic oscillator. Namely, it induces a
new spectral peak. It appears on the same side of the main one as the frequency
of unforced oscillations. This peak displays its maximal coherence at some optimal
noise intensity, and the whole phenomenon is associated with coherence resonance
[10–13].
In a Van der Pol system forced by a chaotic signal and synchronized by it via the
suppression mechanism, noise induces a new spectral peak as well, and its coherence
is also maximal for some optimal noise intensity. However, the position of this
new peak, and its evolution with noise intensity, differ from the case of similarly
synchronized periodic oscillations. The reasons for such behavior lie beyond the
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framework of this paper. We note, however, that the results of the Stratonovich
theory were obtained with substantial restrictions on the system under study. It
is perhaps unsurprising that they cannot be straightforwardly extended to self-
oscillations of arbitrary origin, or to arbitrary forcing.
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